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This paper compares Bayesian decision theory with robust decision theory where the decision maker optimizes 
with respect to the worst state realization. For a class of robust decision problems there exists a sequence of 
Bayesian decision problems whose solution converges towards the robust solution. It is shown that the limiting 
Bayesian problem displays infinite risk aversion and that its solution is insensitive (robust) to the precise 
assignment of prior probabilities. Moreover, the limiting Bayesian objective turns out not to be time separable 
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Lq uhfhqw |hduv urexvw ru pd{plq ghflvlrq wkhru| kdv ehhq sxw iruzdug dv dq do0
whuqdwlyh wr vwdqgdug Ed|hvldq ghflvlrq wkhru| lq pdfurhfrqrplfv +h1j1 Kdqvhq
dqg Vdujhqw +5333,/ +5334,,1 Wkh nh| lghd ehklqg urexvw ghflvlrq wkhru| lv
wkdw djhqwv pljkw idfh xqfhuwdlqw| wkdw wkh| fdqqrw txdqwli| lq whupv ri sulru
suredelolwlhv ehfdxvh *wrr olwwoh lv nqrzq* wr gr vr1 E| lqwurgxflqj xqfhuwdlqw|
dyhuvlrq urexvw ghflvlrq wkhru| surylghv d phdq wr fdofxodwh rswlpdo ghflvlrqv
lq wkh devhqfh ri sulru suredelolwlhv/ vhh Jloerd dqg Vfkphlgohu +4<;<, iru dq
d{lrpdwl}dwlrq14
D nh| prwlydwlrq iru lqwurgxflqj urexvw ghflvlrq pdnhuv lqwr pdfurhfrqrplf
prghov lv wkdw vxfk prghov fdq h{sodlq ehkdylru wkdw vhhpv qrw wr eh udwlrqdo
iurp d Ed|hvldq shuvshfwlyh dqg wkhuhe| lpsuryh wkh ghvfulswlyh shuirupdqfh ri
rwkhuzlvh vwdqgdug pdfurhfrqrplf prghov1 Kdqvhq hw do1 +4<<<,/ iru h{dpsoh/
vkrz wkdw d voljkw suhihuhqfh iru urexvwqhvv fdq h{sodlq d vxevwdqwldo sduw ri
wkh revhuyhg htxlw| suhplxpv1
Ghvslwh lwv lqfuhdvlqj srsxodulw| lq dssolhg pdfurhfrqrplfv +h1j1 Rqdwvnl
dqg Vwrfn +5333,/ Whworz dqg yrq }xu Pxhkohq +5334,,/ wkh uhodwlrq ri urexvw
ghflvlrq wkhru| wr vwdqgdug Ed|hvldq ghflvlrq wkhru| kdv uhfhlyhg olwwoh dwwhq0
wlrq1 \hw/ lw lv lpsruwdqw wr xqghuvwdqg wkh olqnv ehwzhhq wkh wzr sureohpv
vlqfh wkhvh pljkw lqirup xv lq zklfk zd|v urexvw ghflvlrq pdnhuv pd| dowhu dqg
lpsuryh wkh ghvfulswlyh shuirupdqfh ri pdfurhfrqrplf prghov1
Wkh suhvhqw sdshu wulhv wr ￿oo vrph ri wklv jds dqg vkrzv wkdw urexvw ghflvlrq
sureohpv fdq eh lqwhusuhwhg lq whupv ri wkh olplw ri d vhtxhqfh ri Ed|hvldq
ghflvlrq sureohpv1
Frqvlghulqj d vlpsoh fodvv ri urexvw ghflvlrq sureohpv/ L vkrz wkdw wkhuh lv
d vhtxhqfh ri Ed|hvldq ghflvlrq sureohpv zlwk lq￿qlwho| lqfuhdvlqj ulvn dyhuvlrq
wkdw kdv wkh surshuw| wkdw wkh dvvrfldwhg rswlpdo ghflvlrqv frqyhujh wr wkh
rswlpdo urexvw ghflvlrq1 Frqyhujhqfh lv urexvw wr wkh suhflvh dvvljqphqw ri sulru
suredelolwlhv e| wkh Ed|hvldq dv orqj dv vwulfwo| srvlwlyh suredelolw| lv dvvljqhg
wr doo vwdwhv ryhu zklfk wkh urexvw ghflvlrq idfhv xqtxdqwl￿deoh xqfhuwdlqw|1
4L xvh wkh whup urexvw ghflvlrq wkhru| v|qrq|prxv wr wkh whup pd{plq ghflvlrq wkhru|/ dv
sxw iruzdug e| Jloerd dqg Vfkphlgohu +4<;<,1 Kdqvhq hw1 do1 +5334, kdyh vkrzq krz wkhvh
wzr fodvvhv ri sureohpv fdq eh olqnhg1
4Wkh lqghshqghqfh ri wkh frqyhujhqfh uhvxow iurp wkh suhflvh dvvljqphqw ri
sulru suredelolwlhv gholyhuv d Ed|hvldq lqwhusuhwdwlrq ri urexvw ghflvlrq wkhru|=
lw uhsuhvhqwv wkh fkrlfh ri d sduwlfxodu remhfwlyh ixqfwlrq wkdw kdv wkh surshuw|
wkdw rswlpdo Ed|hvldq ghflvlrqv duh lqvhqvlwlyh +ru urexvw, wr pdq| gl￿huhqw
sulruv1 Wklv pd| eh vhhq dv d uhso| wr Vlpv +5334, zkr fulwlfl}hg wkh xvh ri
plqlpd{ dssurdfkhv lq srolf| pdnlqj1
Krzhyhu/ wkh lqwhusuhwdwlrq lq whupv ri d Ed|hvldq vhwwlqj lv qrw ixoo| vdw0
lvi|lqj dqg vrph sureohpv uhpdlq wkdw fdqqrw eh uhfrqflohg zlwk Ed|hvldq
ghflvlrq wkhru|= vlqfh wkh dgglwlrqdo pd{lpl}dwlrq rshudwru zklfk dsshduv lq
urexvw ghflvlrq sureohpv lqgxfhv lq￿qlwh ulvn dyhuvlrq rqo| ryhu wkh grpdlq ri
pd{lpl}dwlrq/ wkh ghflvlrq pdnhu*v ulvn dyhuvlrq rxwvlgh wklv grpdlq uhpdlqv
xqdowhuhg1
Wkhuhiruh/ urexvw ghflvlrq pdnhuv vhhp wr kdyh d vsolw shuvrqdolw| iurp wkh
ylhzsrlqw ri d Ed|hvldq dqg dfw dv li wkh| idfhg wzr ghjuhhv ri ulvn dyhuvlrq= wkh
xvxdo rqh zlwk uhvshfw wr xqfhuwdlqw| wr zklfk wkh| fdq dvvljq sulru suredelolwlhv
dqg dq lq￿qlwh rqh zlwk uhvshfw wr xqtxdqwl￿deoh xqfhuwdlqw|1
Zlwk uhjdug wr pdfurhfrqrplf dssolfdwlrqv/ d Ed|hvldq lqwhusuhwdwlrq ri
urexvw ghflvlrqv lq whupv ri h{wuhph ghjuhhv ri ulvn0dyhuvlrq pd| sduwo| h{sodlq
zk| urexvw ghflvlrq wkhru| kdv wkh srwhqwldo wr jhqhudwh odujhu ulvn suhpld/ vhh
Kdqvhq hw do1 +4<<<,1
Ehvlghv hyhu lqfuhdvlqj ulvn0dyhuvlrq/ wkh vhtxhqfh ri Ed|hvldq ghflvlrq sure0
ohpv kdv d vhfrqg lqwhuhvwlqj surshuw|= lq jhqhudo xwlolw| lv qrw wlph vhsdudeoh
hyhq li wkh remhfwlyh ixqfwlrq ri wkh urexvw ghflvlrq pdnhu glvsod|v wlph vhsdud0
elolw|1 Wklv uhvxow lv gxh wr wkh idfw wkdw wkh zruvw fdvh hydoxdwhg e| wkh urexvw
ghflvlrq pdnhu ghshqgv rq ixoo ghflvlrq yhfwru dqg qrw vlpso| rq wkh ghflvlrq
ri d vlqjoh shulrg1 Olnh wklv wkh dgglwlrqdo pd{lpl}dwlrq rshudwru lq wkh urexvw
ghflvlrq sureohp lqgxfhv qrq vhsdudelolw| ri wkh udwlr ri pdujlqdo xwlolwlhv lq
wkh htxlydohqw Ed|hvldq sureohp1
Wklv revhuydwlrq vxjjhvwv wkdw pdfurhfrqrplf prghov zlwk urexvw ghflvlrq
pdnhuv vkrxog gholyhu uhvxowv vlplodu wr prghov zlwk Ed|hvldq ghflvlrq pdnhuv
zlwk qrq0vhsdudeoh xwlolw|1 Vlqfh kdelw shuvlvwhqfh lq frqvxpswlrq vhuylfhv pd|
lqfuhdvh wkh pdunhw sulfh ri ulvn lq d prgho ri Ed|hvldq ghflvlrq pdnlqj/ lw
vhhpv qdwxudo wr h{shfw d vlplodu lqfuhdvh lq wklv sulfh lq prghov zlwk urexvw
ghflvlrq pdnhuv exw vhhplqjo| wlph vhsdudeoh shulrg orvv ixqfwlrqv/ dv irxqg e|
Kdqvhq hw do1 +4<<<,1
5Wkh qh{w vhfwlrq lqwurgxfhv wkh ghflvlrq sureohp dqg ghvfulehv wkh urexvw
dqg Ed|hvldq dssurdfk wr lwv vroxwlrq1 Vhfwlrq 6 ghulyhv wkh frqyhujhqfh uhvxow
zklfk lv looxvwudwhg lq vhfwlrq 7 zlwk wkh khos ri d vlpsoh h{dpsoh1 Ilqdoo|/
vhfwlrq 8 h{whqgv wkh vhwxs wr lq￿qlwh glphqvlrqdo ghflvlrq sureohpv zlwk glv0
frxqwlqj1
5 Ed|hvldq dqg Urexvw Ghflvlrq Sureohpv
Frqvlghu d ghflvlrq pdnhu zkrvh remhfwlyh fdq eh ghvfulehg e| d vlpsoh orvv
ixqfwlrq zklfk ghshqgv rq d ghflvlrq yhfwru { 5 Uq dqg dq xqnqrzq vwdwh ri
wkh zruog v=
O+{>v,
O+￿>v, lv dvvxphg wr eh wzlfh frqwlqxrxvo| gl￿huhqwldeoh dqg vwulfwo| frqyh{ iru
doo v1 Wkh vwdwh ri wkh zruog v lv dvvxphg wr ehorqj wr vrph ￿qlwh dqg nqrzq vhw
￿v @ iv4>===v Lj dqg wkh ghflvlrq pxvw eh fkrvhq iurp d frpsdfw vhw ￿{ ￿ Uq
ri ihdvleoh ghflvlrqv1
Iluvw/ frqvlghu d Ed|hvldq ghflvlrq pdnhu1 Edvhg rq Vdydjh*v d{lrpv vxfk d
ghflvlrq pdnhu fdq frqvwuxfw vxemhfwlyh sulru suredelolwlhv sl +l @4 >===q, wkdw
ghvfuleh wkh olnholkrrg zlwk zklfk wkh ghflvlrq pdnhu eholhyhv wkdw vwdwh vl zloo
uhdol}h1 Wkh Ed|hvldq wkhq dfwv wr
plq
{5￿{





Qh{w/ frqvlghu zkdw kdv ehhq fdoohg d urexvw ghflvlrq pdnhu zkr fdqqrw
dvvljq phdqlqjixo sulruv wr wkh uhdol}dwlrq ri wkh vwdwh v1 Rqh uhdvrq pljkw eh
wkdw vrph ri Vdydjh*v d{lrpv gr qrw krog/ h1j1 li wkhuh lv qr udqgrp yduldeoh
zlwk xqlirup glvwulexwlrq wkdw doorzv iru wkh fdoleudwlrq ri suredelolwlhv1
Xqfhuwdlqw| wkdw fdqqrw eh txdqwl￿hg lq whupv ri vxemhfwlyh suredelolwlhv kdv
ehhq fdoohg Nqljkwldq xqfhuwdlqw| lq wkh olwhudwxuh1 Wkh h{lvwhqfh ri Nqljkwldq
xqfhuwdlqw| rshqv pdq| srvvleoh zd|v iru prgholqj wkh ghflvlrq sureohp1 Rqh
srvvleoh dqg lqwxlwlyh zd|/ vxjjhvwhg e| Eolqghu +4<<;,/ lv wr vlpso| dyhudjh ryhu
wkh vwdwhv ri wkh zruog1 Wkh uhvxowlqj ghflvlrq sureohp zrxog eh htxlydohqw wr
d Ed|hvldq ghflvlrq sureohp zlwk sl @ 4
L +l @4 >===>L,1
6\hw/ wkh prvw zlgho| xvhg phwkrg wr prgho urexvw ghflvlrqv dqg wkh rqh
L zloo frqvlghu lq wklv sdshu dgyrfdwhv wr ohw wkh ghflvlrq pdnhu fkrrvh dq








u ghqrwh wkh vroxwlrq wr plqlpl}dwlrq sduw ri wklv sureohp1








zkhuh L+{>vl, lv dq lqglfdwru ixqfwlrq wkdw lv rqh li vl lv d pd{lpl}hu ri O+{>vl,
dqg wkdw lv }hur rwkhuzlvh15
Uhzulwlqj wkh urexvw remhfwlyh lq wklv irup khosv wr kljkoljkw wkh uhodwlrq wr
wkh Ed|hvldq sureohp +4, vlqfh wkh lqglfdwru ixqfwlrqv lq +6, orrn doprvw olnh
sulru suredelolwlhv1 Wkh gl￿huhqfh ehwzhhq wkh Ed|hvldq sulru dqg wkh urexvw
*sulru* lv wkdw wkh urexvw ghflvlrq pdnhu dozd|v sxwv doo suredelolw| zhljkw rq
wkh zruvw vwdwh dvvrfldwhg zlwk d jlyhq ghflvlrq {> vlqfh wklv zruvw vwdwh pd|
vkliw zlwk {/ wkh *sulru* ri wkh urexvw ghflvlrq pdnhu pd| vkliw zlwk wkh fkrvhq
ghflvlrq/ zklfk lv qrw wkh fdvh iru d Ed|hvldq ghflvlrq pdnhu1
6 Olqnlqj Ed|hvldq dqg Urexvw Ghflvlrq Sure0
ohpv
Wkh remhfwlyh ri wklv vhfwlrq lv wr hvwdeolvk d olqn ehwzhhq wkh wzr ghflvlrq
sureohpv1 Wkh pdlq lghd lv wr pdqlsxodwh wkh remhfwlyh ixqfwlrq ri wkh Ed|hvldq
ghflvlrq sureohp lq d zd| wkdw wkh Ed|hvldq*v remhfwlyh ixqfwlrq zloo kdyh wkh
vdph plqlpxp dv wkh urexvw remhfwlyh1
Vlqfh wkh orvv ixqfwlrq ghshqgv rq wkh dfwlrq {>dowhulqj wkh Ed|hvldq*v orvv
ixqfwlrq lv d edfn0grru wkurxjk zklfk rqh fdq fdxvh wkh Ed|hvldq wr ehkdyh dv
5Li wkhuh duh vhyhudo pd{lpl}huv L gh￿qh wkh lqglfdwru ixqfwlrq wr eh 4 rqo| iru wkh vwdwh
zlwk wkh orzhvw lqgh{ ￿1
7li khu sulruv zhuh fkdqjlqj dfurvv dfwlrqv1 Lq sduwlfxodu/ li wkh Ed|hvldq zdv wr
pd{lpl}h d wudqviruphg orvv ixqfwlrq W+O+{>v,, zlwk wkh surshuw| wkdw




zkhuh sv lv wkh sulru suredelolw| iru vwdwh v/ wkhq wkh Ed|hvldq sureohp zrxog















Ri frxuvh/ vxfk d wudqviruphg *orvv ixqfwlrq* lv qrw d orvv ixqfwlrq lq wkh vwulfw
vhqvh vlqfh lw ghshqgv rq sulru suredelolwlhv1
Jlyhq wkdw gluhfw htxlydohqfh ehwzhhq wkh wzr sureohpv uhtxluhv d Ed|hvldq
orvv wkdw ghshqgv rq sulruv/ wkh vwudwhj| wr lv wr frqvwuxfw d vhtxhqfh ri wudqv0
iruphg orvv ixqfwlrqv Wn+O+{>v,, iru wkh Ed|hvldq sureohp zlwk wkh surshuw|
wkdw wkhvh wudqviruphg orvv ixqfwlrqv duh lqghshqghqw iurp wkh sulru1 Dw wkh









vkrxog frqyhujh wr wkh urexvw vroxwlrq {n








L gh￿qh wkh vhtxhqfh ri wudqviruplqj ixqfwlrqv Wn+￿, dv6
Wn+O,@hnO
Vlqfh Wn+￿, lv lqfuhdvlqjo| frqyh{ d Ed|hvldq zlwk remhfwlyh Wn+O, zloo ehfrph
lqfuhdvlqjo| ulvn dyhuvh lq whupv ri wkh frh!flhqw ri devroxwh ulvn dyhuvlrq1 Dv
d uhvxow/ wkh ydoxh ri wkh wudqviruphg orvv Wn+O, lqfuhdvhv glvsursruwlrqdwho|
zlwk wkh vl}h ri wkh orvv O1 Lqwxlwlyho|/ wklv lpsolhv wkdw wkh odujhvw ri doo orvvhv
6Wkh sduwlfxodu vhtxhqfh A & lv mxvw fkrvhq iru frqyhqlhqfh dqg rwkhu vhtxhqfhv pljkw jlyh
wkh vdph uhvxow1
8O dvvrfldwhg zlwk vrph dfwlrq { rewdlqv lqfuhdvlqj uhodwlyh zhljkw1 Wklv vkrxog
pryh wkh vroxwlrq wr wkh Ed|hvldq ghflvlrq sureohp forvhu dqg forvhu wr wkh
urexvw vroxwlrq1
Wkhruhp 4 ehorz vkrzv wkdw wklv lv wkh fdvh1 Urexvw ghflvlrqv fdq eh lq0
whusuhwhg dv ghflvlrqv ri d Ed|hvldq zlwk dq lq￿qlwh ghjuhh ri ulvn0dyhuvlrq dqg
duelwudu| vwulfwo| srvlwlyh sulruv ryhu wkh grpdlq wr zklfk wkh urexvw ghflvlrq
pdnhu fdqqrw dvvljq sulru suredelolwlhv1 Lq Ed|hvldq whupv urexvwqhvv uhsuh0
vhqwv d fkrlfh ri d sduwlfxodu remhfwlyh ixqfwlrq/ zklfk kdv wkh surshuw| wkdw
rswlpdo ghflvlrqv duh urexvw wr wkh dvvljqphqw ri sulru suredelolwlhv1
Wkhruhp 4 Ohw {￿
n ghqrwh wkh vroxwlrq wr wkh wudqviruphg Ed|hvldq ghflvlrq
sureohp +8, zlwk sulru suredelolwlhv sl A 3+ l @4 >===q,1O h w {￿
u ghqrwh wkh








Surri ri wkhruhp 4= Uhqdph vwdwhv v vxfk wkdw dw {￿
u
O+{￿
u>v 4, ￿ O+{￿






Wkhq L ￿uvw vkrz wkh iroorzlqj dx{loldu| uhvxow=
Ohppd 5 ;￿A3 vx!flhqwo| vpdoo ; g 5 Uq zlwk ngn @ ￿ < %A3
lqghshqghqw ri g dqg d vwdwh l 5 ￿pd{ v1w1
O+{￿
u .g>vl, ￿ O+{￿
u>v l, A%
Surri ri ohppd 5=1 Wkh gl￿huhqfh fdq eh h{suhvvhg dv
O+{
￿








u>v l,g .R+6, +9,
zkhuh R+6, lv d wklug rughu dssur{lpdwlrq huuru1 Frqvlghu wkh ￿uvw rughu
whup= Iurp wkh rswlpdolw| ri {￿
u iroorzv wkdw
uO+{￿
u>v l,g ￿ 3 +:,
9iru vrph l 5 ￿pd{1 Qh{w/ ￿{ vxfk dq l dqg frqvlghu wkh vhfrqg rughu whup1
Vlqfh u
5O+{￿







zkhuh Xl lv xqlwdu| dqg
Gl @ gldj+￿l>4 ===￿ l>q,
zlwk ￿l>m A 3 ehlqj wkh hljhqydoxhv ri u
5O+{￿











Ohwwlqj ￿plq @p l q l5￿pd{ ￿l>plq lw iroorzv iurp +9,/ +:,/ dqg +43, wkdw
O+{￿
u . g>vl, ￿ O+{￿
u>v l, ￿ ￿plq￿
5 .R+6,
Fkrrvlqj ￿ vx!flhqwo| vpdoo wkh wklug rughu dssur{lpdwlrq huuru fdq eh
pdgh duelwudulo| vpdoo/ h1j1 vpdoohu wkdq ￿plq￿
5 / wkhq fkrrvlqj % @ ￿plq￿
5
hvwdeolvkhv wkh fodlp1￿




























u . g, zlwk g 5 Uq dqg ngn @ ￿/ ￿ vx!flhqwo| vpdoo1





















AIurp wkh vwulfw frqyh{lw| ri O
n




+￿, pxvw eh zlwklq glvwdqfh ￿ iurp {￿
u iru doo nAn/ zklfk hvwdeolvkhv
wkh fodlp1
7 Dq H{dpsoh
Frqvlghu wkh iroorzlqj vlpsoh orvv ixqfwlrq/ zklfk kdv ehhq frqvlghuhg dprqjvw
rwkhuv e| Eudlqdug +4<9:, dqg Rqdwvnl +5333,
O+{>v,@+ v{ ￿ ￿￿,5
zkhuh wkh yduldeoh ￿￿ ghqrwhv wkh lq dwlrq wdujhw dqg zkhuh v{ lv wkh lq dwlrq
udwh wkdw uhvxowv zkhq wkh ghflvlrq pdnhu fkrrvhv srolf| { dqg wkh vwdwh ri wkh
zruog lv jlyhq e| v1L i { lv wkh uhdo lqwhuhvw udwh/ wkhq wkh idfwru v uhsuhvhqwv
wkh vhqvlwlylw| ri wkh hfrqrp|*v lq dwlrq udwh wr wkh uhdo lqwhuhvw udwh/ d qxpehu
olnho| wr eh xqnqrzq wr wkh srolf| pdnhu1 Pruhryhu/ wkh srolf| pdnhu pljkw
kdyh xqtxdqwl￿deoh xqfhuwdlqw| ryhu wkh ydulrxv ydoxhv ri v1
Wr nhhs wklqjv vlpsoh vxssrvh wkdw wkh ghvluhg wdujhw lq dwlrq udwh lv ￿￿ @5
dqg wkdw wkhuh duh rqo| wzr srwhqwldo pxowlsolhuv vo ?v k zlwk vo @4dqg vk @6 1
Wkh orvv ixqfwlrqv dvvrfldwhg iru hdfk ri wkhvh pxowlsolhuv duh vkrzq lq ￿jxuh
41 Wkh grwwhg olqh lq wkh judsk lqglfdwhv wkh pd{lpxp orvv dvvrfldwhg zlwk
hdfk dfwlrq1 Dv ￿jxuh 4 vkrzv/ wkh rswlpdo urexvw ghflvlrq wkdw plqlpl}hv wkh
pd{lpxp orvv lv jlyhq e| {￿
u @4 17
Qh{w/ frqvlghu d Ed|hvldq fhqwudo edqn dqg ohw lwv vxemhfwlyh sulru sodfh
htxdo suredelolw| rq hdfk ri wkh wzr pxowlsolhuv1 Wkh rswlpdo Ed|hvldq ghflvlrq
lv hdvlo| fdofxodwhg wr eh {￿ @3 =;1 Wklv lv d ohvv djjuhvvlyh srolf| wkdq wkh
rqh fkrvhq e| wkh urexvw ghflvlrq pdnhu1 Wkh uhdvrq iru wklv uhvxow lv wkdw
wkh Ed|hvldq wudghv r￿ wkh jdlqv dqg orvvhv dfurvv wkh gl￿huhqw uhdol}dwlrqv ri
v1 Fohduo| dw { @4wkh orvv ixqfwlrqv lq ￿jxuh 4 kdyh gl￿huhqw devroxwh vorsh
frh!flhqwv ghshqglqj rq zkhwkhu v @ vo ru v @ vk1 Wkhuhiruh/ wkh Ed|hvldq
7Vlqfh wkhuh lv qr xqfhuwdlqw| derxw wkh vljq ri wkh sdudphwhuv @ wkh rswlpdo urexvw ghflvlrq












































Iljxuh 5= Rswlpdo Ed|hvldq Ghflvlrq dv d Ixqfwlrq ri n
<kdv dq lqfhqwlyh wr ghfuhdvh wkh lqwhuhvw udwh ehorz 4 vlqfh wkh jdlqv pdgh
iru wkh uhdol}dwlrq vk zloo h{fhhg wkh orvvhv iru uhdol}dwlrqv vo/ jlyhq wkh sulru
suredelolwlhv dvvljqhg wr wkhvh vwdwhv1
Zkhq wkh Ed|hvldq*v remhfwlyh ixqfwlrq lv vxemhfwhg wr lqfuhdvlqjo| frqyh{
wudqvirupdwlrqv Wn+￿,/ wkhq vkh ehfrphv lqfuhdvlqjo| ulvn dyhuvh1 Wklv lpsolhv
wkdw wkh jdlqv iru wkh vwdwh vk zloo eh dssuhfldwhg ohvv uhodwlyh wr wkh srwhqwldo
lqfuhdvh lq wkh orvv iru wkh vwdwh vo1 Judsklfdoo| rqh fdq lqwhusuhw wklv dv ￿jxuh
4 ehlqj vfdohg lq wkh gluhfwlrq ri wkh |0d{lv zlwk hdfk srlqw ehlqj vfdohg e| d
idfwru wkdw lv lqfuhdvlqj zlwk lwv glvwdqfh iurp wkh {0d{lv1 Dv d uhvxow/ wkh vorsh
ri O+{>vo, wr wkh ohiw ri { @4lqfuhdvhv pxfk idvwhu wkdq wkh devroxwh ydoxh
ri wkh vorsh ri O+{>vk, wr wkh ohiw ri wklv srlqw dqg wkh Ed|hvldq ghflvlrq zloo
dssurdfk wkh urexvw ghflvlrq1 Iljxuh 5 vkrzv wkh rswlpdo Ed|hvldq ghflvlrq
dv d ixqfwlrq ri n dqg looxvwudwhv wkdw wkh urexvw ghflvlrq lv dssurdfkhg udwkhu
udslgo| dv n lqfuhdvhv18
8 H{whqvlrqv
Wkh orvv ixqfwlrq frqvlghuhg vr idu zdv udwkhu jhqhudo exw kdv dvvxphg d ￿qlwh
glphqvlrqdo ghflvlrq yhfwru1 \hw/ pdfurhfrqrplvwv whqg wr xvh lq￿qlwh krul}rq
prghov zlwk lq￿qlwh glphqvlrqdo ghflvlrq yhfwruv1 Wklv vhfwlrq vkrzv wkdw wkh
uhvxowv ri wkh suhylrxv vhfwlrq h{whqg lq d qdwxudo zd| wr wkh lq￿qlwh krul}rq
sureohpv zlwk glvfrxqwlqj dv wkh| duh w|slfdoo| xvhg lq pdfurhfrqrplfv1






zkhuh {w 5 Uq lv wkh shulrg w ghflvlrq/ wkh yhfwru { @+ {3
3>{ 3
4>===,3 wkh vwdfnhg
shulrg ghflvlrqv/ dqg ￿?4 d glvfrxqw idfwru1 Wkh shulrg orvv ixqfwlrq o+￿>v,
lv dvvxphg wr eh vwulfwo| frqyh{ dqg wzlfh frqwlqxrxvo| gl￿huhqwldeoh iru doo v1
Wkh shulrg ghflvlrq {w pxvw eh fkrvhq iurp d frpsdfw vhw ri ihdvleoh ghflvlrqv
￿w wkdw pljkw ghshqg rq sdvw ghflvlrqv1 Ixuwkhupruh/ wkhuh lv d frpsdfw vhw
￿{ ￿ Uq vxfk wkdw ￿w ￿ ￿{ iru doo w1
8Dv wkh h{dpsoh uhyhdov/ wkh vshhg ri frqyhujhqfh zloo ghshqg rq wkh sulru1 Li ohvv zhljkw
lv dwwdfkhg wr wkh zruvw vwdwh ri wkh rswlpdo urexvw ghflvlrq wkhq frqyhujhqfh zloo eh vorzhu
+vhh dovr wkh odvw elw lq wkh surri ri wkhruhp 4,1









Wr frqvwuxfw wkh wudqviruphg Ed|hvldq sureohp lw pljkw vhhp qdwxudo wr
dowhu gluhfwo| wkh shulrg orvv ixqfwlrq o+￿>￿, wr suhvhuyh wkh wlph vhsdudelolw| ri









Krzhyhu/ wkh vroxwlrq wr wklv sureohp zloo qrw qhfhvvdulo| frqyhujh wr wkh vrox0
wlrq ri wkh urexvw ghflvlrq sureohp/ dv wkh iroorzlqj h{dpsoh vkrzv1




dqg wkh vwdwh vl +l @4 >5, wkdw pd{lpl}hv wkh orvv iru wklv dqg dq| qhljkerulqj
ghflvlrqv lv jlyhq e| v41 Qh{w frqvlghu wkh ghflvlrq
{3 @ {3￿
u .+g3>3>3>3===,
zklfk lv htxdo wr {￿
u h{fhsw iru wkh ￿uvw shulrg1 Vxssrvh wkdw dowhulqj wkh ghflvlrq
iurp {￿
u wr { fdxvhv wkh orvv lq shulrg }hur wr lqfuhdvh e| ￿4 A 3 xqlwv/ zklfk
pdnhv { vxerswlpdo iru wkh urexvw ghflvlrq pdnhu1
Qh{w/ frqvlghu d Ed|hvldq ghflvlrq pdnhu zlwk remhfwlyh +46, zkr frqvlghuv
d ghyldwlrq iurp {￿














zkhuh ￿5 @ o+{￿
u>3 . g>v5, ￿ o+{￿
u>3>v 5,1 Vxssrvh ￿5 ? 3 dqg o+{￿
u>3>v 5, A
o+{￿




zklfk lqglfdwhv wkdw d Ed|hvldq zlwk remhfwlyh ixqfwlrq +46, zloo suhihu { wr {u￿
iru doo vx!flhqwo| odujh n1















zkhuh sl duh sulru suredelolwlhv/ gholyhuv wkh ghvluhg uhvxow1 Wkhruhp 7 ehorz
vkrzv wkdw/ dv n lqfuhdvhv zlwkrxw erxqg/ wkh Ed|hvldq vroxwlrq wr sureohp +49,







Wkhruhp 7 Ohw {￿
n ghqrwh wkh vroxwlrq wr wkh wudqviruphg Ed|hvldq ghflvlrq
sureohp +49, zlwk sulru suredelolwlhv sl A 3+ l @4 >===q,1O h w {￿
u ghqrwh wkh






Surri ri wkhruhp 7= Uhqdph vwdwhv v vxfk wkdw dw {￿
u
O+{￿
u>v 4, ￿ O+{￿








Wkhq L ￿uvw vkrz wkh iroorzlqj dx{loldu| uhvxow=
Ohppd 8 ;￿A3 vx!flhqwo| vpdoo ; g 5 Uq zlwk ngn￿ @ ￿ < %A3
lqghshqghqw ri g dqg d vwdwh l 5 ￿pd{ v1w1
O+{
￿
u .g>vl, ￿ O+{
￿
u>v l, A%
Surri ri ohppd 8=1 Wkh gl￿huhqfh fdq eh h{suhvvhg dv
O+{￿















45zkhuh R+6, lv d wklug rughu dssur{lpdwlrq huuru1 Frqvlghu wkh ￿uvw rughu
whup= Iurp wkh rswlpdolw| ri {￿
u iroorzv wkdw
uO+{￿
u>v l,g ￿ 3 +4;,
iru vrphh l 5 ￿pd{1 Qh{w/ frqvlghu wkhvhfrqg rughu whup1 Vlqfh u
5o+{￿
u>w>v l,





zkhuh Xl>w lv xqlwdu| dqg
Gl @ gldj+￿l>w>4 ===￿ l>w>q,
zlwk ￿l>w>m ehlqj wkh hljhqydoxhv ri u
5o+{￿
u>w>v l,1 Ohw ￿plq ghqrwh wkh plq0
lpxp hljhqydoxh ri u
5o+{w>v l, ryhu doo { 5 ￿{ dqg l 5 ￿v1 Vlqfh u
5o+￿>v l,
lv frqwlqxrxv/ ￿{ lv frpsdfw/ dqg ￿v lv ￿qlwh wkh plqlpxp h{lvwv1 Iurp





























u>v l, ￿ ￿plq￿ . R+6,
Fkrrvlqj ￿ vx!flhqwo| vpdoo wkh wklug rughu dssur{lpdwlrq huuru fdq eh
pdgh duelwudulo| vpdoo/ h1j1 vpdoohu wkdq ￿plq￿
5 / wkhq fkrrvlqj % @ ￿plq￿
5
hvwdeolvkhv wkh fodlp1￿




































u .g, zlwk g 5 Uq dqg ngn￿ @ ￿/ ￿ vx!flhqwo| vpdoo1























AIurp wkh vwulfw frqyh{lw| ri O
n




+￿, pxvw eh zlwklq glvwdqfh ￿ iurp {￿
u iru doo nAn/ zklfk hvwdeolvkhv
wkh fodlp1
AIurp wkhruhp 7 iroorzv wkdw wkh dssur{lpdwlqj Ed|hvldq orvv ixqfwlrqv
lv qrw wlph vhsdudeoh/ hyhq lq wkh olplw1 Pdujlqdo xwlolw| iru wkh wudqviruphg





















dqg ghshqgv rq wkh vwdwhv v wkdw pd{lpl}h
S4
k@3 ￿
ko+{k>v,/ zklfk duh d ixqfwlrq
ri wkh zkroh ghflvlrq yhfwru {1 Wkxv/ dowkrxjk wkh orvv ixqfwlrq ri wkh urexvw
ghflvlrq pdnhu lv vhsdudeoh zlwk uhvshfw wr wkh ghflvlrq yhfwruv {w/ wkh idfw wkdw
wkh urexvw ghflvlrq pdnhu hydoxdwhv hdfk shulrg ghflvlrq {w zlwk uhvshfw wr wkh
vwdwh wkdw jhqhudwhv wkh juhdwhvw glvfrxqwhg orvv jhqhudwhv qrq0vhsdudelolw| lq
wkh htxlydohqw Ed|hvldq sureohp1
47Uhihuhqfhv
Eolqghu/ Dodq/ Fhqwudo Edqnlqj lq Wkhru| dqg Sudfwlfh/ PLW Suhvv/ 4<<;1
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zlwk Qrq0Xqltxh Sulru/￿ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 4<;</ 4;/
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